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(cf. [4, 7, 8]). 2007 Stange [11] Tate
elliptic divisibility sequence (EDS) Stange
elliptic net







[11, 12] Elliptic net $EDS$
EDS
1 (M. Ward [16]). $\{h_{n}\}_{n\geq 0}$ elliptic divisibility se-
quence (EDS)
$h_{m+n}h_{m-n}=h_{m+1}h_{m-1}h_{n}^{2}-h_{n+1}h_{n-1}h_{m}^{2}$
$m\geq n\geq 1$ $n$ $m$
$h_{m}$
33
Ward 1 ( ) EDS 1
(cf. [16, Theorem 12.1]).
Stange EDS elliptic net
2 (Stange [11]). $A$ Abel $R$




EDS $\{h_{n}\}_{n\geq 0}$ $h_{-n}=-h_{n}$ $\mathbb{Z}$
$W:\mathbb{Z}arrow \mathbb{Z};n\mapsto h_{n}$ elliptic net
EDS elliptic net
$E$ , $n,$ $v\in \mathbb{Z}^{n}$ $E^{n}$ $\Psi_{v}$
$E$ $\mathbb{C}$
A $E(\mathbb{C})\cong \mathbb{C}/\Lambda$ A Weierstrass
$\sigma$
$\sigma(u)=u\prod_{\omega\in\Lambda\backslash \{0\}}(1-\frac{u}{\omega})\exp(\frac{u}{\omega}+\frac{u^{2}}{2\omega^{2}})$
$v=(v_{1}, \ldots,v_{n})\in \mathbb{Z}^{n}$ $\mathbb{C}^{n}$ $\Psi_{v}$
$\Psi_{v}(u_{1}, \ldots, u_{n})=\frac{\sigma(v_{1}u_{1}+\cdots+v_{n}u_{n})}{\prod_{i=1}^{n}\sigma(u_{i})^{2v^{2}-\Sigma_{j=1}^{n}v_{i}v_{j}}\prod_{1\leq i<j\leq n}\sigma(u_{i}+u_{j})^{v_{i}v_{j}}}$
$\Psi_{v}$ A $\Psi_{v}$ $E^{n}$
$P_{1},$ $\ldots,P_{n}\in E(\mathbb{C})$ $u_{1},$ $\ldots,u_{n}\in \mathbb{C}$
$\Psi_{v}(P_{1}, \ldots, P_{n})=\Psi_{v}(u_{1}, \ldots,u_{n})$








$3$ (Stange [11, Theorem 4]). $W_{P}$ elliptic net
$W_{P}$ $E$ $P$ elliptic net elliptic net
$W:\mathbb{Z}^{n}arrow K$ $W$ $K$
$E$ $n$ Pn $\in E$(K) $W=W_{P}$




$\mathbb{F}_{q}$ $q$ $\overline{\mathbb{F}}_{q}$ $E$ $\mathbb{F}_{q}$





$div(f_{P})=m(P)-m(O)$ $\mathbb{F}_{q}$ $E$ $f_{P}$




$Q_{r}\in E(\overline{\mathbb{F}}_{q})(Q_{i}\neq P, O)$
$\mathbb{F}_{q}$
$\tau_{m}(P, Q)=\prod_{i=1}^{r}f_{P}(Q_{i})^{n_{i}}mod (\mathbb{F}_{q}^{\cross})^{m}$
$( \tau_{m}(P, Qmod mE(\mathbb{F}_{q}))$
$\tau_{m}(P, Q)$ )
Stange elliptic net Tate












$K$ $g$ $C$ 1
$\infty$
$J$ $C$ Jacobi $J$ $g$ Abel $C$
$K$ $0$ Pic (C)
$\lambda:Pic^{0}(C)arrow J(K)$ $J$ $\Theta$
$\Theta=\{\lambda(\sum_{i=1}^{g-1}(P_{i})-(g-1)(\infty))P_{1}, \ldots, P_{g-1}\in C\}$
$C$ $\mathbb{C}$
$\mathbb{C}^{g}$ A $J(\mathbb{C})\cong \mathbb{C}^{g}/\Lambda$
Weierstrass $\sigma$ $\sigma$ $\sigma:\mathbb{C}^{g}arrow \mathbb{C}$
$\sigma$ $\sigma(u)=0$ $umod \Lambda$
$\Theta$ $\sigma$
[2,9]
$n$ $v=(v_{1}, \ldots,v_{n})\in \mathbb{Z}^{n}$ $(\mathbb{C}^{g})^{n}$
$\Phi_{v}$
















2. $v=e_{i}$ $v=e_{i}+e_{j}(i\neq j)$ $\Phi_{v}=1.$








8. $P=(P_{1}, \ldots, P_{n})\in J^{n},$ $v,$ $w\in \mathbb{Z}^{n}$ $v,$ $w,$ $v+w,$ $v-w\neq 0$
$\frac{\Phi_{v+w}(P)\Phi_{v-w}(P)}{\Phi_{v}(P)^{2}\Phi_{w}(P)^{2}}=\mathcal{F}_{g}([v_{1}]P_{1}+\cdots+[v_{n}]P_{n}, [w_{1}]P_{1}+\cdots+[w_{n}]P_{n})$ .
$\Phi_{v}$
9. $m>2^{g}$ $1\leq i\leq m$ $v^{(i)}\in((1/2)\mathbb{Z})^{n}$
$1\leq i,j\leq m$ $v^{(i)}+v^{(j)},v^{(i)}-v^{(j)}\in \mathbb{Z}^{n}$
$m$ $A$
$A=(\Phi_{v^{(i)}+v^{(j)}}\Phi_{v^{(i)}-v^{(j)}})_{1\leq i,j\leq m}$
$\det A=0$ $g\equiv 1,2$ (mod4)




$C$ Jacobi $J$ $J^{n}$ $\Phi_{v}$
hyperelliptic net
10. $P_{1},$ $\ldots,$ $P_{n}\in J(K)$ $1\leq i\leq n$ $P_{i}\not\in\Theta$
$1\leq i<j\leq n$ $P_{i}+P_{j}\not\in\Theta$
$W_{P_{1},\ldots,P_{n}}:\mathbb{Z}^{n}arrow K$
$W_{P_{1},\ldots,P_{n}}(v)=\Phi_{v}(P_{1}, \ldots, P_{n})$





$C$ $\mathbb{F}_{q}$ $0$ $Pic^{0}(C)$
$m$ $q-1$
$C$ Tate-Lichtenbaum
$\tau_{m}$ : $Pic^{0}(C)[m]\cross Pic^{0}(C)/mPic^{0}(C)arrow \mathbb{F}_{q}^{\cross}/(\mathbb{F}_{q}^{\cross})^{m}$
$\overline{D}\in Pic^{0}(C)[m],$ $\overline{E}\in Pic^{0}(C)$ $D,$ $E$
$D,$ $\overline{E}$ $D$ $E$
$mD\sim 0$ $\mathbb{F}_{q}$ $C$ $f_{D}$ $div(f_{D})=mD$
$E= \sum_{i=1}^{r}n_{i}(Q_{i}),$ $n_{i}\in \mathbb{Z},$ $Q_{i}\in C(\overline{\mathbb{F}}_{q})$
$\tau_{m}(\overline{D},\overline{E})=\prod_{i=1}^{r}f_{D}(Q_{i})^{n_{i}}mod (\mathbb{F}_{q}^{\cross})^{m}$
Tate-Lichtenbaum $\tau_{m}$ Frey-
R\"uck [4] Tate [14] Lichtenbaum [6]
[1,5,10]
38
















$W_{P,Q}(m, n)$ $W(m, n)$
11 $W(m, 0),$ $W(m, 1)$
Stange
$k$ $k$ $V$
$V=[[W(k-7,0), W(k-6,0), \ldots, W(k+8,0)],$










$\sum_{i=2}^{6}(-1)^{i}$ pf $A^{1,i}\cdot W(m_{1}+m_{i},n_{1}+n_{i})W(m_{1}-m_{i},n_{1}-n_{i})=0$
$A^{1,i}$ $A$ 1 $i$ 1 $i$









$W(m, 0)$ $W(m, 1)$ Algorithm 1
40
Algorithm 1 Hyperelliptic Net Algorithm
Input: Hyperelliptic net $W(i, 0)(-6\leq i\leq 9),$ $W(i, 1)(-4\leq$
$i\leq 4)$ $m.$ $m$ 2 $m=(d_{k}d_{k-1}\ldots d_{1})_{2}(d_{k}=1)$
Output: $W(m, 0),$ $W(m, 1)$
1: $Varrow[[W(-6,0), W(-5,0), \ldots, W(9,0)],$
$[W(-2,1), W(-1,1), \ldots, W(4,1)]]$
2: for $i=k-1$ down to 1 do






9: return $V[0,7],$ $V[1,3]//W(m, 0),$ $W(m, 1)$
Algorithm 1 $W(i, 0)(-6\leq i\leq 9),$ $W(i, 1)(-4\leq i\leq 4)$
$P,$ $Q\in J(\mathbb{F}_{q})$ Mumford $(t^{2}+u_{11}t+u_{12}, v_{11}t+v_{12})$ ,























$W(-4,1), W(-3,1), \ldots, W(3,1), \triangle(P)$ . (2)
$W(m, 0)$ $W(m, 1)$ $\mathbb{F}_{q}$ $O(\log m)$
11
13. (2) $0$ $\tau_{m}(P,Q)$ $\mathbb{F}_{q}$ $0(\log m)$










hyperelliptic net hyperelliptic net
Tate-Lichtenbaum hyperelliptic






[1] P. Bruin, ”The Tate pairing for Abelian varieties over finite fields,”
J. Th\’eor. Nombres Bordeaux 23 (2011) 323-328.
[2] V. M. Buchstaber, V. Z. Enolskii, D. V. Leykin, “Kleinian functions,
hyperelliptic Jacobians and applications,” Rev. Math. Math. Phys.
10 (1997) 1-125.
[3] V. M. Buchstaber, V. Z. Enolskii, D. V. Leykin, “A recursive family
of differential polynomials generated by the Sylvester identity and
addition theorems for hyperelliptic Kleinian fUnctions,” Funct. Anal.
Appl. 31 (1997) 240-251.
[4] $G.$ $\mathbb{R}ey$, H.-G. R\"uck, “A remark concerning $m$-divisibility and the
discrete logarithm in the divisor class group of curves,” Math. Comp.
62 (1994) 865-874.
[5] F. Hess, “A note on the Tate pairing of curves over finite fields,”
Arch. Math. (Basel) 82 (2004), 28-32.
[6] S. Lichtenbaum, “Duality theorems for curves over -adic fields,”
Invent. Math. 7 (1969) 120-136.
43
[7] V. S. Miller, “Short programs for functions on curves,” unpublished
manuscript (1986), http: //crypto. stanford. $edu/miller/.$
[8] V. S. Miller, “The Weil pairing, and its efficient calculation,” $J.$
Cryptology 17 (2004) 235-261.
[9] “ “ 15
(2008) 131-176, http: $//www$ . ccn. yamanashi. ac. $jp/-yonishi/$
/research/pub/ss2007/06onishi. pdf.
[10] E. F. Schaefer, “A new proof for the non-degeneracy of the Frey-R\"uck
pairing and a connection to isogenies over the base field,” Computa-
tional aspects of algebmic curves, 1-12, Lecture Notes Ser. Comput.
13, World Sci. Publ., Hackensack, $NJ$ , 2005.
[11] K. E. Stange, “The Tate pairing via elliptic nets,” Pairing-Based
$Cryptography-$Pairing 2007, 329-348, Lecture Notes in Comput.
Sci., 4575, Springer, Berlin, 2007.
[12] K. E. Stange, “Elliptic nets and elliptic curves,” Algebra Number
Theory 5 (2011) 197-229.
[13] “Hyperelliptic Net Tate-
Lichtenbaum Pairing ” 2012
(2012) 19-20.
[14] J. Tate, “ $WC$-groups over $\mathfrak{p}$-adic fields,” S\’eminaire Bourbaki, $exp.$
no. 156 (1957).
[15] Y. Uchida, S. Uchiyama, “The Tate-Lichtenbaum pairing on a hyper-
elliptic curve via hyperelliptic nets,” Pairing-Based Cryptography–
Pairing 2012, 218-233, Lecture Notes in Comput. Sci., 7708,
Springer, Berlin, 2013.
[16] M. Ward, “Memoir on elliptic divisibility sequences,” Amer. J. Math.
70 (1948) 31-74.
44
